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Abstract
Extending previous work, we calculate in this note the fermionic spectrum of two-
dimensional QCD in the formulation with SU(Nc) currents. Together with the results in
the bosonic sector this allows to address the as yet unresolved task of nding the single-
particle states of this theory as a function of the ratio of the numbers of flavors and
colors,  = Nf=Nc, anew. We construct the Hamiltonian matrix in DLCQ formulation
as an algebraic function of the harmonic resolution K and the continuous parameter .
Amongst the more surprising ndings in the fermionic sector chiefly considered here is
that the fermion momentum is a function of . This dependence is necessary in order
to reproduce the well-known ’t Hooft and large Nf spectra. Remarkably, those spectra
have the same single-particle content as the ones in the bosonic sectors. The twist here
is the dramatically dierent sizes of the Fock bases in the two sectors, which makes it
possible to interpret in principle all states of the discrete approach. The hope is that
some of this insight carries over into the continuum. We also present some new ndings
concerning the single-particle spectrum of the adjoint theory.
1 Introduction
Two-dimensional QCD will remain an interesting model for strong interaction physics
until a rst principles calculation of the low-lying spectrum of four-dimensional QCD
will be available. Fundamental two-dimensional QCD at large Nc with one flavor [1]
has, however, the disadvantage of lacking dynamical gluonic degrees of freedom. Two-
dimensional Yang-Mills elds have been coupled to matter in dierent representations
in order to mimic dynamical gluons, or to simplify calculations, e.g. in the limit of a
large number of flavors Nf [2][3]. The coupling to adjoint fermions has been discussed
in the literature for almost a decade, see e.g. Refs. [4]{[20]. However, still frustratingly
little about the (single-particle) solutions of this theory is known.
To get a sense of the inherent diculties of adjoint QCD2, it is instructive to review
its properties as displayed in the literature. As often, the theory appears to be simpler
in the massless limit. In particular, the light-cone Hamiltonian can be written as
a pure current-current interaction in this limit, and its Hilbert space splits up into
sectors of dierent representations of the current algebra. The formulation of the theory
in terms of SU(Nc) currents, which will be subject to a Kac-Moody algebra, seems
therefore a preferred choice, and we will use it in the present work. Remarkably, two-
dimensional Yang-Mills theories coupled to massless matter in dierent representations
are related by a universality [8]. The universality assures that the massive spectrum
and interactions depend only on the Yang-Mills gauge group and the level of the ane
Lie algebra. It was shown in Ref. [8] that the Hilbert space has the following structure
H = Hmassive ⊗Htopological; (1)
where the Hamiltonian acts only on the massive part, and the topological (massless)
sector contains all information on the matter representation beyond its Kac-Moody
level. Though the Hamiltonian is determined by the states from the massive sector only,
there is no strict factorization between massive and massless sectors. In particular, the
massive states will have well-dened values under the discrete symmetries only when
accompanied by massless states [8].
The relations between the massless and the massive theory are very interesting.
Massless adjoint fermions screen each other [9], whereas the massive theory is known
to be conning [19]. Hence, there has to be a conning/screening transition as m! 0.
The (QCD-)string tension  goes to zero in this limit,  / m [9, 19]. The large N
manifestation of this change of phases is a Hagedorn transition [11]. This implies an
exponential increase of the density of single-particle states with the bound-state mass
M
(M) = Mα expfHMg;
where H is the so-called Hagedorn temperature, and  is the coecient determining
whether H is a limiting temperature or if a phase transition occurs [10]. It has been
pointed out by Kutasov [11] how in the massless theory the two seemingly contradictory
facts of having a vanishing string tension together with the absence of a Hagedorn
transition, can be reconciled. If we view the Hilbert states as a direct product of a
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massive part jMii and a topological part jji, cf. Eq. (1), then atm = 0 the Hamiltonian
will act only on the massive part, and the bound-states will form highly degenerate
multiplets with masses independent of j . If a mass is turned on, these multiplets
will split and their masses Mi,j = f(Mi; j) become functions of j . This explains
how the large degeneracy of states transforms into an exponential density associated
with a Hagedorn transition. In other words, the system goes from a screening over to a
conning phase. This in turn leaves us with the logical possibility that the exponentially
growing density of states at m 6= 0 could come from a single Regge trajectory of states
jMii at m = 0 1. On the other hand, it has been claimed that the spectrum has a
multi-Regge structure [6]. As we saw, this is likely to occur only for massive fermions.
A major source of uncertainty about results in adjoint QCD2 stems from the fol-
lowing empirical nding. It seems well-established by now that even in the large Nc
limit, the spectrum consists of single- and multi-particle states [12, 14, 15]. This is
a big blow against intuition gained from experience with the ’t Hooft model, namely
that single-trace states should correspond to single-particle states. This seems to hold
no longer true when adjoint rather than fundamental fermions are considered. Inci-
dentally, this result is independent of whether the theory is formulated with fermions
or currents as fundamental degrees of freedom, and has rather severe consequences for
results derived with the single-trace/single-particle assumption. For instance, it was
proven in Ref. [8] that all single-trace states are contained in the current block of the
identity (bosons) and the adjoint block (fermions). In principle, there could be single-
particle states in other sectors 2. Also the calculation of the density of states in Ref. [5]
to determine H  (0:7 − 0:75)g−1
√
=Nc, a result which was used in Ref. [10], can
then be questioned, because all single-trace state were used to calculate the density.
A multi-particle spectrum has, of course, an exponentially growing density of states at
nite cuto, but to determine the density of single-particle states is a dierent task.
One motivation to study adjoint QCD2 has been its resemblance to string theory
[16]. Namely, the Regge trajectory of the ’t Hooft model can be viewed a the spectrum
of an open string theory. The adjoint model is believed to exhibit a closed string
spectrum [5], but the asymptotic spectrum looks actually more like an open string
spectrum [6]. Note, however, that in the calculation of the asymptotic spectrum in
Ref. [6] (and analogously in the formulation with currents [3]), it was assumed that the
single-trace states can be taken as the single-particle states. In passing we note that the
adjoint theory is supersymmetric for a specic value of the fermion mass m = g
p
Nc,
and asymptotically supersymmetric otherwise [11]. In the light of recent progress in
the evaluation of supersymmetric theories [17], it might be interesting to attack the
theory from this point.
In summary, little is known about the single-particle spectrum of QCD2, which
makes further investigations of this model necessary. In Ref. [15] we presented the
1We do not attempt to speculate on how the screening spectrum could look like. It is clear that at
infinite Nc there will be no threshold mass.
2Note that the proof, anyway, does not imply that the two blocks consist solely of single-particle
states.
2
spectrum of the adjoint theory in the formulation with SU(Nc) current operators,
which eliminates many of the unnecessary multi-particle states. Because of its sim-
pler algebraic properties, we had limited ourselves to the consideration of the bosonic
spectrum. The motivation to complete the spectral calculations by evaluating also the
fermionic sector is twofold. Firstly, we might hope to deal again with a more ecient
basis, i.e. to eliminate much of the multi-particle spectrum a priori. Secondly, we are
motivated by the idea that we can turn the disadvantages of a discrete approach into
a virtue, cf. the discovery of the continuum states by using the DLCQ multi-particle
formula in Ref. [12]. The hope is to understand the discrete spectrum state by state.
This would allow for the identication of single-particle states by explicitly construct-
ing all multi-particle states built out of them. There are, however, problems with this
program. For one, there are discrepancies between the naive multi-particle formula and
the actual eigenstates, probably due to residual interactions with the topological sector
[12]. Besides, there is, as remarked earlier, a basically unknown component from the
topological sector of the theory in every bound state. This makes the a priori assign-
ment of discrete quantum numbers hard if not impossible. With the full spectrum at
hand, we can try to nd empirical selection rules, and follow through with our program
of classifying all multi-particle states.
As in previous work [15], we will apply the method of discretized light-cone quanti-
zation (DLCQ). After deriving the algebraic form of the Hamiltonian, the typical task
in DLCQ is to construct a nite dimensional Hamiltonian matrix characterized by the
harmonic resolution K. The spectrum is then obtained by diagonalizing this matrix
numerically for larger and larger K, and eventually extrapolating to the continuum
limit, K !1.
The paper is organized as follows. In the following section we review two-dimensional
QCD with massless fermions. Next, we point out the dierences of the fermionic and
bosonic sectors and mention the a priori calculable eigenvalues. A short section on the
construction of the Hamiltonian is followed by the main Section 5 on the numerical
calculation. A discussion of the results and a summary follow. In an appendix we
comment on recent predictions of perturbation theory for the corrections in  to the
masses of the ’t Hooft mesons. In particular, we show that our previous results are
consistent with these results.
2 QCD in two dimensions
The aim of the present exercise is to compute the massive spectrum of SU(Nc) Yang-
Mills gauge elds coupled to massless fermions in some representation r in two dimen-
sions. If we use the universality of these gauge theories [8], we can consider adjoint
Majorana fermions with Nc = Nf or Nf flavors of fundamental Dirac fermions trans-
forming under the SU(Nc) color group, and should get the same massive spectrum.
The crucial observation is here that this freedom gives us a continuous parameter at
hand, namely  = Nf=Nc, which allows us to couple the Yang-Mills elds to matter
in dierent representations by simply altering its value. This in turn allows for deeper
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insight into the theories, since the spectra in the limits  ! 0 (’t Hooft model) and
 ! 1 (large Nf model), are well understood. Consequently, the main focus here
will be on fermions in the adjoint representation,  = 1, and we will try to infer as
much information as possible by examining the ’t Hooft and the large Nf model in the
formulation with current operators.
In order to do so we have to derive the momentum and energy operators in terms of
currents rather than with fermionic operators. Without loss of generality we consider
only the Lagrangian of the adjoint theory, but we shall keep Nf and Nc as distinct
constants throughout the derivation. We can later interpret the results at dierent Nf
and Nc as distinct theories. Of course, this is only a formal identication for Nc 6= Nf .
In order to make sense of some of the obscure expressions, one has to substitute the




j [8], where ;  are flavor indices. Note that we work
in the Veneziano limit, i.e. we require that Nc and Nf be large, while their ratio  is at
our disposal. We start with the Lagrangian in light-cone coordinates x = (x0x1)=p2,
where x+ plays the role of a time. It reads





where Ψ = 2−1/4(ψ
χ
), with  and  being Nc  Nf matrices. The eld strength is
Fµν = @µAν−@νAµ+i[Aµ; Aν ], and the covariant derivative is dened as Dµ = @µ+iAµ.
We work in the light-cone gauge, A+ = 0, and use the convenient Dirac basis γ0 = 1,
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The use of both upper and lower indices is adopted as a reminder that in general
the indices are from dierent index sets. We can integrate out the (non-dynamical)
component A− of the gauge eld and obtain
L = Tr
[









It is obvious that the left-moving elds  decouple, because their equations of motion do
not involve a time derivative, i.e. are constraint equations. Noting the simple expression
of the interaction in terms of the currents, it is natural to formulate the theory with
SU(Nc) currents as fundamental degrees of freedom. For reasons of clarity, we will not
use the terminology of bosonization or conformal eld theory. We shall rather stick
to the denition of the currents, Eq. (4), as a bilinear product of fermions, and derive
everything based on this denition, which is perfectly possible.
The key issue is to obtain the mass eigenvaluesMn by solving the eigenvalue problem
M2j’i  2P+P−j’i = M2nj’i; (6)
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where we act with the light-cone momentum and energy operators, P+ and P−, on a
state j’i. The operators P  T+ can be found by constructing the energy-stress
tensor T µν in the canonical way, and one obtains





dx− : Tr[J(x−)J(x−)] : (7)








J(x−)] : : (8)
The Sugawara form of the momentum operator P+, Eq. (7), might seem somewhat
unfamiliar, but an explicit analysis of this construction in terms of the fermionic mode
operators yields indeed the above result 3. To solve the eigenvalue problem, Eq. (6),
we have to diagonalize the mass squared operator, which is equivalent to diagonalizing
the operator P−, since P+ is already diagonal. The latter is not as obvious as usual,
and we elaborate on this in Sec. 3.
We use the standard mode expansion of the fermionic elds







dxe−ipxb jk (p); (9)
and the mode expansion of currents becomes










dq : b jl (q)b
l
k(p− q) : : (10)
The canonical anti-commutation relation for the fermionic operators
fb jk (p); b lm(p0)g = (p+ p0) jm lk; (11)
determines the commutator of current with fermionic modes
[J jk (p); b
l
m(p
0)] =  lkb
j
m(p+ p
0)−  jmb lk(p+ p0): (12)
Recall that in the adjoint theory b jk (−n) = bykj (n). Due to the occurrence of Schwinger
terms the current-current commutator is harder to derive. It is, however, well-known
that the modes of the currents are subject to the Kac-Moody algebra 4
[J jk (p); J
l
m(p









0)−  jmJ lk(k + k0); (13)
The vacuum is dened by
J jk (p)j0i = 0; and b jk (p)j0i = 0; 8p  0 (14)
3The remainder of the product of four fermion operators is the contraction term. Its integral
becomes the momentum factor in the usual definition P+ =
∫∞
0
dp p T r[b(−p)b(p)].
4We use the opportunity to correct Ref. [15], where the T -symmetric (cf. Eq. (25)) version of the
algebra was used, with, of course, no consequences for the results in the bosonic sector.
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Following the usual DLCQ program, we put the system in a box of length 2L and impose
anti-periodic boundary conditions on the fermionic elds  (x−−L) = − (x−+L). Note
that the currents are then by construction subject to periodic boundary conditions. As


























become nite-dimensional matrices on the Hilbert space constructed by acting with the
current operators on the vacuum dened in Eq. (14). We emphasize the appearance
of the zero mode contribution in the discrete formulation, as should be clear from








. For convenience we introduced
the scaled coupling ~g2 = g
2L
2pi
. In the Veneziano limit the operators are realized on a
Hilbert space of discrete SU(Nc) singlet Fock states. The fermionic states look like
jb + 1
2
;n1; : : : ; nbi = (NcNf)−b/2−1/4Tr[J(−n1)J(−n2)   J(−nb)B(−1
2
)]j0i; (17)
whereas in the bosonic sectors we nd the singlets
jb;n1; : : : ; nbi = (NcNf)−b/2Tr[J(−n1)J(−n2)   J(−nb)]j0i: (18)
The additional fermion operator B jk (−1=2) in the fermionic case is the source of some
rather odd dierences between the two sectors, as we shall see in the next section. We
already remarked that for  6= 1 one should formally replace the fermion Bjk(−1=2) by
Byjα (−1=2)Bβk (−1=2) acting on the adjoint vacuum [8]. Here,  and  are flavor indices.
The mismatch of momenta will lead to artifacts at nite K. This poses no problem,
because the theories are expected to agree only in the continuum limit [18].
3 Specialties of the fermionic sector
The numerical solution to the eigenvalue problem, Eq. (6), in the bosonic sector was
presented in Ref. [15]. The calculations in the fermionic sector are not quite as straight-
forward, and need special attention. The rst peculiarity in the fermionic sector is the
size of the Fock space. In the bosonic sector, the singlet states are of the form of
Eq. (18), i.e. they are single-trace states of a certain number of currents. This form
allows for cyclic permutations of the currents under the trace. Although the cyclic
permutations are related non-trivially due to the Kac-Moody structure of the currents,
all cyclic permutations of a given state have to be eliminated from the Fock basis. The
key dierence in the fermionic sector is the impossibility of cyclic permutations within
its states, Eq. (17); the fermion denes the ordering of the state. This is quite natural,
since this operator basically acts like an adjoint vacuum. This renders the Fock basis
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much larger than in the bosonic case, see Table 1. Actually, the number of states grows
like 2b−3/2. This frees us from the obligation to construct all cyclic permutations of a
state in order to be able to identify the outgoing states. As we shall see, the dierent
sizes of the Fock bases will help us interpreting the resulting fermionic spectra, because
the spectra in the ’t Hooft and large Nf limits of the theory turn out to have the same
single-particle content as in the bosonic sectors.
The other issue to be addressed here is the action of the momentum operator P+ on
a fermionic state. It turns out that the eigenvalue of P+ on a fermionic state depends
on the ratio Nf=Nc. To convince ourselves that this is true, we consider the simplest
case in discrete formulation
P+Tr[J(−n)B(−1
2
)]j0i = [P+; J ij(−n)]B ji (−
1
2























In other words, an adjoint fermion with half-integer momentum acts in the ’t Hooft
limit like a complete current, and in the large Nf limit it has a vanishing contribution
to the momentum of a state. This might seem odd, but it ensures that we reproduce the
well-known spectra in these limits. In particular, it is M2j0iadj M2Bij(−1=2)j0i = 0,
although P+j0iadj = 11+λ j0iadj .
We now briefly comment on the fact that we can calculate two eigenvalues of the
mass squared operator analytically. Remarkably, we obtain the same functional form
M21,2(K) as in the bosonic sector. This is somewhat surprising, since in the fermionic
sector we loose the uniqueness of the two states with the largest number of currents.



















have K and K−1 currents, respectively, plus a fermion with momentum 1=2. However,
Eq. (21) represents a class of K− 1 states, rather than a unique state as in the bosonic
sector. Explicit calculations show that the image of one of these states under the mass
squared operator has no overlap with any of the other states, and its eigenvalue can
be trivially extracted in the fashion of Ref. [15], and again two eigenvalues can be
evaluated a priori 5. The eigenvalues of the mass squared operator associated with the



























5We note that in the ’t Hooft limit, all states of the form Eq. (21), have the same eigenvalue.
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4 The Hamiltonian
We now address the construction of the light-cone Hamiltonian. Once the commutation
relations, Eq. (11){(13), are specied, and the Fock basis, Eq. (17) is chosen, this is a
straightforward generalization of previous work [15], and we can be brief here. Anni-
hilation operators may be created by commuting current operators. In the fermionic
sector we have to keep in mind that we get additional contributions to the light-cone
Hamiltonian by commuting through zero modes of the currents and acting with them on
the ’adjoint’ vacuum. To streamline the calculations it is useful to distinguish creation,
annihilation and zero-mode part of a commutator
[A;B]  dA;Be+ bA;Bc+ bA;Bc0;
much in the fashion of Ref. [15]. The resulting Hamiltonian is slightly simpler than
in the bosonic case. The number of its terms of leading power in Nc grows exactly
quadratic with the number b of currents in a state. In the large Nc limit the action of
P− on a state with b currents, Eq. (17), is then
P−jb + 1
2
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2
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q=i
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2
;n1; n2; : : : ;
i+j∑
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As in the bosonic case [15], the terms in the Hamiltonian have a dierent Nc and Nf
behavior. Only the terms in lines two and four of Eq. (24) contain Nf . These terms
8
b 1 2 3 4 5 6 7 8 9 10 11 12 13 14
fermions 1 2 4 8 16 32 64 128 256 512 1024 2048 4096 8192
bosons | 1 2 4 6 12 18 34 58 106 186 350 630 1180
Table 1: Number of basis states a a function of the number of currents b in a state.
The relation of b to the harmonic resolution K is K = b in the bosonic, and K = b+ 1
2
in the fermionic sector.
will be absent in the ’t Hooft limit (Nf=Nc ! 0) and will be dominant in the large Nf
limit.
5 Numerical Results
We are now ready to solve the eigenvalue problem, Eq. (6), numerically to obtain the
mass spectrum of a theory as a function of the harmonic resolution K and the ratio of
the number of colors and flavors, , of the matter content of the theory. In the sequel,
we will use both parameters to extract information from the spectra. We recover the
large Nf limit when  ! 1, the ’t Hooft model in the limit  ! 0, and the adjoint
model, of chief interest, at  = 1. It turns out that the complexity of the associated
spectra grows in this order, and we will start their interpretation with the rather simple
large Nf limit. Using a discrete formulation, namely DLCQ, we will try to understand
all states in the spectra, starting with the a priori available eigenvalues at low harmonic
resolution.
Some words on the numerical algorithm seem in order. The number of states grows
exponentially with the harmonic resolution, cf. Table 1, and much faster than in the
bosonic sector. However, the situation is still better than in the formulation of the
theory with fermionic operators [12]; here we have at K = 25=2 a roughly four times
smaller basis. To further reduce the computational eort, we could use the Z2 symmetry
of the Hamiltonian which is invariant under the transformation
T Jij(n) = −Jij(n): (25)
It is straightforward to convince oneself that the action of this operator on a state with
b currents is
T jb + 1
2
;n1; n2; : : : ; nbi =
2b−1∑
i=0
(−)pi+1jpi + 1=2; i(nb; nb−1; : : : ; n1); 1
2
i; (26)
where the i consist of pi partial sums of the b momenta, in the sense that i runs over all
possibilities to place j = 0; 1; : : : ; b− 1 commas between the momenta while summing
those momenta which are not separated by a comma, e.g.
T j7=2;n1; n2; n3; 1
2
i = j7=2;n3; n2; n1; 1
2
i − j5=2;n3; n2 + n1; 1
2
i
−j5=2;n3 + n2; n1; 1
2




Figure 1: Fermionic spectrum of in large Nf limit. Right: (a) Z2 even sector. Left: (b)
Z2 odd sector. Note that masses are in units g
2Nf=.
Since we do not work in an orthogonal basis, it is not very helpful to block diagonalize
the Hamiltonian with respect to this symmetry. We will rather determine the Z2 parity
of an eigenstate a posteriori by calculating the expectation value of the operator T in
this state. The main benet of the a priori symmetrization, namely the reduction of
the numerical eort to diagonalize a smaller matrix, is of course lost this way. However,
the separation of the Z2 odd and even eigenfunctions is very useful when interpreting
the results, because it reduces the density of eigenvalues to roughly a half.
5.1 The large Nf limit
In the large Nf limit the spectra in all sectors are completely trivial, except for the





cf. Fig. 1. All other states are multi-particle states built from this state. It is, neverthe-
less, important that we understand all states in the spectrum to see what we can learn
in order to decode the adjoint spectrum. Let us rst focus on the fermionic sectors. It
is easy to convince oneself that the formula for the trace of the mass squared operator,
i.e. the sum of all eigenvalues, is
TrM^2Nf (K; T ) =


























i=1 ni + b=2)







with the constant meson mass M2M , Eq. (28). The factor F(n1;    ; nb; T ) assigns the
Z2 symmetry sector. This formula might seem obscure, but is easy to understand, if
one tries to formulate the Hilbert space in terms of the solution, namely the meson
with mass M2M , denoted by the operator A
y
M(n). Then the Fock basis looks like
j1i = AyM(K)j0iadj (30)
j2;ni = AyM(K)AyM(K − n)j0iadj
j3;n;mi = AyM(K)AyM(K − n)AyM(K − n−m)j0iadj ; etc. (31)
So the Fock basis will be constructed as all partitions of K − 1=2 into integer number,
i.e. exactly like the states, Eq. (17), except that now we don’t have current but meson
operators. One has to remember, of course, that the momentum assigned to a state at
resolution K is K−1=2, which explains the deviation of Eq. (29) from the usual DLCQ
multi-particle mass formula. A word on the factor F might be in order. Empirically
we nd that we have to assign the Z2 symmetry according to the largest component of
the state of the form, Eq. (31), following Eq. (26)
T jn1; : : : ; nb; 1=2i = (−)bjnb; : : : ; n1; 1=2i+ rest:
Whenever we nd a state that is not equal to itself under this operation, we split the
associated pair of states into the two sectors. This reproduces exactly the results of a
tedious numerical calculation. Moreover, the issue of ’fermionic statistics’ of the states
is easily explained with this construction. The problem was [12] that some states in
the spectrum should be absent because they involve two identical fermions, but they
are only absent in some of the sectors. It was conjectured that they are coupled to
a topological fermion which prevents this fate [12]. Now this behavior seems natural,
because e.g. at K = 9=2 the state j2; 2; 1=2i exists only once, and hence will appear only
in one of the Z2 sectors. The analogous argument goes through with more complicated
states. The common scheme is basically that all states with an even (odd) number
of mesons in it are subject to fermionic exclusion in the Z2 even (odd) sector
6. The
remarkable fact that we nd the meson in the fermionic sector is thus easily explained by
the construction, Eq. (31). This is evidence for its coupling to a massless (topological)
fermion.
Let us now try to understand the bosonic sectors, see also Fig. 5(a) of Ref. [15]. This
is an easy task after the experience we gained with the fermions. Again we build up
the Fock basis from solutions of the dynamical eigenvalue problem, Eq. (6). But now
the meson operators will act on the vacuum of the identity block, rather than on the
adjoint vacuum. Consequently, we have to discard all states which are equivalent under
cyclic permutations. This is, of course, nothing else than constructing the current basis
6This explains the absence of the meson in the odd sector as well.
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in the bosonic sectors, as we did in Ref. [15]. We can nd a similar rule for the Z2
quantum number assignment, and are done.
The masses of the multi-particle states grow like the momentum cuto, i.e. diverge
in the continuum limit. We found it therefore, contrary to previous work [12, 15], more
appropriate to connect the multi-particle states reflecting this fact. Incidentally, this
makes also the labeling of states easier.
Thus we completely understand the large Nf limit of our theory and can go over to
the next more dicult task, namely understanding the ’t Hooft limit.
5.2 The ’t Hooft limit
In the ’t Hooft limit we nd exactly the same eigenvalues as in previous work [15],
Eq.(29), namely
M2 = 5:88; 14:11; 23:04; 32:27; 41:68; 51:24; 60:93; 70:76; 80:97; 90:90; (32)
cf. Fig. 2, which is in very good agreement with ’t Hooft’s original solution [1]. If we
compare the spectrum, Fig. 2, to the bosonic sector, Fig. 2 of Ref. [15], we nd much
more fermionic multi-particle states and, of course, a shift of half a unit in momentum.
The ’t Hooft limit is more complicated than the large Nf limit, because it contains
K − 1 mesons with masses M2i (n) at resolution K, which all have a non-trivial de-
pendence on the cuto. Since, however, the multi-particle spectrum still completely
decouples, it turns out that we are solving a harder problem than we would have to.
The only real task here is to diagonalize a (K−1)(K−1) matrix to nd the masses of
the mesons. Instead we are diagonalizing a 2K−3/2 dimensional matrix. As was found
earlier [15], the right thing to do would be to set up an orthonormal current basis for
this problem. This is, however, due to the very tedious evaluation of the scalar product
of Kac-Moody states, more work than to actually diagonalize the much larger matrix.
It is then clear how to generalize the multi-particle formula, Eq. (29): we have to







Additionally, we have to replace the (constant) mass of the meson M2M by the individual
masses M2i (K) at a given resolution and sum over all single-particle states. Of course,
dierent single-particle states will be available at dierent resolutions. The starting
point for the ith single-particle is K = i + 1, and its symmetry is T = (−1)i+1.
Again we have a function to assign the right symmetry sector to the multi-particle
state, which is only slightly more involved, because of more distinguishable particles.
A counter example for the naive assignment, that a state be odd if it has an odd number
of single-particles from the odd sector, is the T -eigenstate at K = 8
(M1(2)M1(3)M2(3) + TM1(3)M1(2)M2(3))j0i;
which is present in both the odd and the even sectors. As in the large Nf limit, we
reproduce the distribution of the T even and odd states, and understand the spectra
completely in terms of its single-particle states. We are now ready to use our knowledge
to nd the single-particle states in the adjoint case.
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Figure 2: Fermionic spectra of the ’t Hooft limit in the Z2 even (a) and odd (b) sectors.
Solid lines connect associated eigenvalues as K varies. Short dashed lines connect
analytically calculable eigenvalues. Long dashed lines are extrapolations towards the
continuum limit. Masses are in units g2Nc=.
5.3 Adjoint fermions
Performing the numerical calculations in the adjoint model, we obtain precisely the
same eigenvalues as previous works, e.g. Ref. [5] with anti-periodic boundary conditions
for the fermions. This is not surprising, because the formulation of the theory with
SU(Nc) currents rather than with fermions, is in essence a change of the basis of the
Hilbert space of the theory.
If we look at the eigenvalue trajectories (mass squared as a function of K) in Fig. 3,
the structure of the spectrum looks similar to the ’t Hooft case. We see immediately four
single-particle candidates which qualify by their linear trajectories. In the continuum








in units g2Nc=. It is, however, far from obvious that these states are single-particle
states. There are a couple of problems which prevent a straightforward interpretation
of the adjoint spectrum. The counting of multi-particle states which worked perfectly
in the previous models, appears not to be valid here. In the ’t Hooft case the bosonic
and the fermionic sectors of the theory are completely redundant and independent. We
could produce the bosonic multi-particles from solely bosonic single particles, and the
like for the fermions. But as soon as we get away from  = 0, we have to face a doubling
of the number of single-particle states: fermions and bosons are no longer degenerate!
To make things worse, it appears that the lowest multi-particle states in all but the
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bosonic Z2 odd sector are built from two fermions M
2
F1
. Where are the states built
from two bosons M2B1? Empirically we seem to nd that only fermionic single-particle
states form multi-particle states. This is in agreement with the large Nf limit, where
all states are built from the lowest fermionic Z2 even single-particle state. We therefore
make the conjecture that all multi-particle states are made out of constituents from
the fermionic sectors only, and will provide some evidence below. First we note that in
the ’t Hooft limit we can indeed view all multi-particles as built solely from fermionic
single-particle states. This may sound trivial, because the fermionic and bosonic single-
particle states are degenerate, but as we go to large  this degeneracy is lifted and we
seem to nd multi-particle masses which agree with the fermionic- but not with the
bosonic-constituents hypothesis.
There are a couple of facts that support these ndings. Firstly, what we expect
to nd at all values of , is, of course, a mesonic, i.e. bosonic spectrum. In this
sense, all fermionic states have to be accompanied by some fermion to guarantee that
e.g. the only single-particle state in the large Nf limit found in the fermionic sector is a
boson. Together with the fact that we nd redundant copies of the ’t Hooft mesons in
the fermionic sector, we are drawn to conclude that there is something strange about
having a sector of fermions at all. We would rather like to interpret this as an artifact
of the formulation of the theory in terms of adjoint degrees of freedom. Expressed
in fundamental elds, both sectors would be bosonic. It seems therefore natural to
view the single fermion operator acting on the vacuum in the fermionic sector of the
adjoint theory as an expression for the adjoint vacuum. This seems to make a closed
interpretation of the entire spectrum possible. Firstly, there is now a reason why we
do only nd multi-particles built out of fermionic single-particles. The approximate
adjoint vacuum, namely the fermion with the smallest possible amount of momentum,
i.e. 1=2K, acting on the vacuum, will introduce couplings between states that are
decoupled in the continuum limit. Most of these states will be multi-particle states,
which will in turn be necessary at nite harmonic resolution to describe the theory
correctly. Since this approximate vacuum occurs only in the fermionic sector, it is
natural to speculate that the associated distortions of the spectrum also originate in
this sector. In other words, since the fermionic single-particle states are riddled by the
approximate vacuum, we expect them, and only them, to give rise to multi-particle
states, which is what we seem to nd in the spectra. If we take these empirical ndings
serious, we can at the very least throw out all those states from the list of single-particle
candidates that are close to the mass predicted by the DLCQ formula for multi-particle
states built out of fermionic single-particle states. In some cases, this might not be
good enough because of the deviations from this formula. This should, according to
our approximate vacuum interpretation, be a nite resolution eect, however, and we
convinced ourselves that the discrepancies vanish like 1=K2.
Some remarks on the limiting cases are in order, since we nd both in the ’t Hooft
and in the large Nf limit that the multi-particle states decouple exactly. The reason
for this is that in the large Nf limit, the additional fermion looks like it has no eect
(it does not contribute to the longitudinal momentum), whereas in the ’t Hooft limit,
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Figure 3: Fermionic spectra of the theory with adjoint fermions in the Z2 even (a) and
odd (b) sectors. Masses are in units g2Nc=.
it resembles a full current (contributes the appropriate amount of momentum). We
would therefore predict that the lowest fermion state in the large Nf limit looks like
a single current (meson) state, which is observed. In the ’t Hooft limit the ‘n current
plus fermion’ states should look like a n + 1 (bosonic) current state, and indeed the
fermionic single-particle states at K=b+1=2 are the same as the bosonic single-particle
states at K=b+ 1.
In summary, we conclude the following. We seem to nd empirically that the bosonic
single-particle states do not form multi-particle states. Additionally, we observe that
the number of fermionic single-particle states grows linearly with K. Hence, we get the
same combinatorial situation as in the ’t Hooft case concerning the ratio of single- to
multi-particle states. We then can conclude that the number of single-particle states is
the same as in the ’t Hooft model. Taking into account that in the adjoint case fermions
and bosons are not degenerate, we would have two Regge trajectories, a bosonic and
a fermionic one. Whether they are linear or how exactly the behavior of the masses
as a function of the excitation number n is, requires further investigations, which are
beyond the scope of the present work.
5.4 The full spectrum and the eigenfunctions
Apart from focusing on the prominent cases with  = 0; 1;1, it is instructive to study
the spectrum of eigenvalues as a function of the continuous parameter  = Nf=Nc. In
Fig. 4 we plotted the entire spectrum of two dimensional Yang-Mills theories coupled
to massless matter in representations characterized by  = Nf=Nc, i.e. the bosonic
and fermionic Z2 even and odd spectra, versus . We emphasize that the eigenvalues
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Figure 4: The full spectrum of two-dimensional QCD as a function of . Plotted are
the lowest 100 eigenvalues in the fermionic sectors (top row) and the bosonic sectors
(bottom row). Left column: Z2 even sectors, reduced eigenvalues M^
2  M2=(1 + )








3 4.5000 | | |
5 5.0000 12.5000 | |
7 5.2227 14.0000 24.5000 |
9 5.3456 14.7645 27.0000 29.2451
11 5.4222 15.2575 28.5484 32.0373
13 5.4741 15.5908 29.6419 33.7443
15 5.5111 15.8311 30.5931 34.7280
17 5.5388 16.0113 30.3593 35.6396
19 5.5602 16.1509 31.1301 36.3496
21 5.5771 16.2618 31.6091 36.5054
23 5.5908 16.3518 32.0304 37.0575
25 5.6021 16.4261 32.6060 37.4225
27 5.6115 16.4884 32.0123 37.7243
1 5.75 17.29 35.25 40.24
Table 2: Eigenvalues of the lowest four (suspectedly) single-particle states in the adjoint
case. The masses are given in units g2Nc=. The masses in the ’t Hooft case at K=b+
1
2
are exactly the same as in the bosonic sector at K=b+ 1. The mass of the only single-
particle state in the large Nf limit is independent of the cuto: M
2
Nf
(K)  1:0000 g2Nf
pi
.
are smooth functions of , and we seem to nd no indication that the adjoint case
is something special. We see a lot of level crossings, some of which are obscured by
eigenvalue repulsion due to nite harmonic resolution. Some of the reduced eigenvalues
M^2  M2=(1 + ) are almost stationary as a function of the parameter , amongst
them chiefly the suspected single-particle states. Note, however, the somewhat articial
denition of the reduced masses, which was used in order to t the spectrum for all
values of  into one plot.
It is very interesting to notice that the ’t Hooft mesons in the fermionic and bosonic
sectors develop dierently as  grows. In particular, the mass of the lightest meson
in the fermionic sector decreases for  < 1=3 before it linearly rises. This is expected,
since the mass of the lightest state in a theory has to drop in second order perturbation
theory. This is additional evidence for the nding that the theory is incomplete, if
only its bosonic sector is considered [6]. We obtain the rst corrections in  to the
’t Hooft mesons in the bosonic sector in complete agreement with the calculations by
Engelhardt [20], see Appx. A.
We display four adjoint eigenfunctions in Fig. 5. Apart from the striking repetitive
pattern in the dierent parton sectors, we see that the multi-particle state in this plot
is very dierent from the single-particle states. It would be very interesting, if one
could nd a criterion for a state to be a single-particle state, or if one could formulate a
good observable, e.g. a structure function, that would allow to distinguish single- from
multi-particle states. As for the limiting cases, we obtain the following behaviors of the
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Figure 5: The wavefunctions of four adjoint states at K = 25=2: (a) M2 = 5:6021,
(b) M2 = 16:4261, (c) M2 = 21:8688, (d) M2 = 32:6060 [from bottom to top]. The
third state is the only multi-particle state in this plot and its eigenfunction has clearly
a dierent shape. The number of currents in a basis state changes at the dashed lines.
wavefunctions. The ’t Hooft eigenfunctions can, in principle, be calculated from the
standard formulation of the theory with fermion elds, which is equivalent to a change
of basis. Their shape is much like in the adjoint case. At large Nf , the wavefunctions
are very slowly converging. The wavefunctions look very much like in the ’t Hooft limit
for K<10. At that point, most of the amplitudes become suppressed while keeping
their shape, and the region around n = 1 takes on its characteristic large Nf form.
6 Summary and discussion
In this work we presented the complete spectrum of two dimensional Yang-Mills theories
coupled to massless matter in some representation characterized by the ratio of the
numbers of flavor and color,  = Nf=Nc, in the framework of DLCQ. We derived the
Hamiltonian in the fermionic sector as an algebraic function of the harmonic resolution
K and the ratio . The well-known spectra in the ’t Hooft and the large Nf limits were
reproduced. Surprisingly, we found the bosonic and fermionic spectra to be degenerate
in the ’t Hooft limit, and that the only meson of the large Nf theory is in the fermionic
sector. A complete classication of all states in those limits were given, with the hope of
making future identication of the single-particle states in the adjoint model possible.
If we merge the knowledge of the adjoint theory to date with the empirical ndings
in the present note, the following picture seems to emerge. Adjoint QCD2 has probably,
analogous to the ’t Hooft model, a single Regge trajectory, but both in the fermionic
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and the bosonic sector in the massless limit. When a fermion mass is turned on,
the description of the theory in terms of Kac-Moody currents breaks down and the
theory turns from screening into a conning phase. In the spectrum this transition
manifests itself in the splitting of the single-particle masses of large degeneracy, so
that an exponentially growing density of states is obtained, which signals the Hagedorn
screening/conning transition at large N . Although we were as of yet unable to give
the complete solution of the adjoint theory in terms of the single-particle states, it
seems that their number grows linearly with the harmonic resolution. Their masses
tend to grow more rapid with the excitation number n, maybe like M2 / n2, rather
than linear, as in the ’t Hooft model.
Some remarks may be in order concerning the continuum limit of the Hamiltonian
matrix in the fermionic and bosonic sectors, Eq. (24) of the present work and Eq. (26) of
Ref. [15], respectively. One can show that in the two-current approximation we arrive
at a continuous generalized ’t Hooft equation in the fashion of Ref. [19]. However,
although this two-current approximation gives the correct results for the lowest states,
it is not at all obvious, that e.g. a three-current approximation would be valid. One
reason is the non-orthogonality of the current states and the non-trivial transformation
of a state under cyclic permutations in the bosonic case. We point out also that in the
two-current approximation of the theory only half of the ’t Hooft spectrum is recovered,
namely the states with an odd excitation number n. In contrast, we recover in the full
theory, as we saw, the complete ’t Hooft spectrum in both the bosonic and the fermionic
sector. We speculate that the other half of the states in the approximation comes from
the fermionic sector of the theory, because the continuum version of Eq. (24) will lead
to a distinct ’t Hooft-like integral equation. In the continuum limit we nd that the
mass of the state with only one current in this sector vanishes, hence it could be the
lightest ’t Hooft meson proper of the n even sector.
In summary, we hope to have added some new pieces of information to the adjoint
QCD2 puzzle. The major practical goal remains to identify all the single-particle states
of the theory. While quantitative results are still missing, we hinted at a practical
algorithm how to extract the single-particle spectrum. One would have to use all the
spectral information presented here to identify all multi-particle states by their charac-
teristic trajectories, determined by the DLCQ multi-particle mass formula. While this
seems in principle possible, it is nevertheless beyond the scope of the present work.
A Recovering the corrections to the ’t Hooft masses
In a recent paper, Engelhardt [20] calculated the rst correction in Nf=Nc to the masses




n(0) + e1(n) + : : : ;
where the masses are in units g2Nc=. Surprisingly, it turns out that some of these
corrections are negative and large. This seems to contradict the results of Ref. [15],
Fig. 5(b). However, a closer look on the data compiled in that gure reveals that there
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is indeed a negative slope, for e.g. the second lightest Z2 even state. The slope of the
curves M2() for small  is, however, in general strongly dependent on the harmonic
resolution K. If we plot the slopes as a function of 1=K, a consistent picture arises. We
tted the data of the slopes for the lowest four ’t Hooft mesons, Fig. 6, to a polynomial
of third order in 1=K, and in the continuum limit we obtain
e^1(n) = 5:19; 12:27;−27:7; 9:69; (34)
to be compared to Engelhardt’s values
e1(n) = 5:1; 12:0;−30:5; 9:1: (35)
Note that Engelhardt’s values are lower bounds (although he expects very small cor-
rections), whereas extrapolations towards the continuum in DLCQ tend to be upper
bounds. In this sense, the agreement is fairly well. Some remarks on the numerical
evaluation of the slopes are in order. One trusts numerical diagonalization routines
typically up to a precision of 10−5{10−6. We took the eigenvalues at  = 10−9 as values
for M2n(0) in Eq. (A); they do not change if  is smaller. In order to calculate the
derivative dM2()=d, we chose  = 10−5 as an innitesimal change in . A test
with  = 10−4 produced no signicant changes.
We emphasize that for small K one is totally misled as to what the continuum
limit should be for the slopes e1(3) and e1(4), cf. Fig. 6. For instance, at K = 10, a
fairly large harmonic resolution, e1(3) comes out positive. This shows the importance
of Fock states with a large number of currents, and renders two-current approximations
questionable 7. This statement is, however, relativated from a pragmatic point of view:
although the n = 3 state starts with a large negative correction inNf=Nc, it nevertheless
globally grows with this parameter, cf. Fig. 5(b) of Ref. [15], the slope being a good
approximation only up to  ’ 0:01.
It is important to note that the corresponding (and degenerate) ’t Hooft single-
particle states in the fermionic sector have dierent corrections as  grows. Following
the development of the three lowest ’t Hooft mesons in the fermionic sector we obtain
the following slopes
e^1(n) = −1:36; 1:94;−15:38: (36)
Note that the rst of these states, which develops into the lightest adjoint state, has a
negative slope, as expected from second order perturbation theory for the lowest state.
It is thus clear that the single-particle states in the fermionic and bosonic sectors are
distinct entities, although they are degenerate in the ’t Hooft limit. The fourth state has
actually a rather irregular trajectory e^1(4; K), which prevents us from extrapolating to
the continuum. This is easily understood, when one compares the spectra in the bosonic
and the fermionic ’t Hooft sectors. In the bosonic sector, all four lowest single-particle
states are lighter than the lowest multi-particle states in their sector. In the fermionic
sector the fourth single-particle state lies in the two-particle continuum formed by the
7In particular, the lightest state cannot be globally linear in λ, although this is locally a very good
approximation around λ = 1.
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Figure 6: The slopes e1(n) of the curves M
2
n().
lightest 8 ’t Hooft meson, because in contrast to the bosonic sector, we have there a T -
odd fermionic two-particle state. In perturbation theory, this has to be taken care of by
constructing states which contain admixtures of degenerate states with higher parton
number [20], and we see that also in the discrete approach we run into diculties here.
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